Abstract. This paper starts from a model in geophysics for the quasi static evolution of displacement fields occurring during the destabilization of fractured plates. We use the equations of linear elasticity in half space with traction free conditions on the surface and given tangential dislocations on the fault. We first discuss the derivation of the adequate Green's tensor for this problem. We then use this Green's tensor to obtain a simple and efficient approximation to the surface displacement field. Next we show how to solve the fault inverse problem from measurements of surface displacements. We first give the solution in closed form. We then illustrate it on numerical examples which demonstrate the robustness of our reconstruction algorithm.
Introduction
Faults in the Earth crust are commonly modeled as cracks in elastic half space. Stress may accumulate over long periods of time, and when some threshold is reached, plates move to a new equilibrium position. This movement may be rapid as in classical seismic events. However this can still be modeled as a quasi static process during a relatively long time interval called the nucleation phase, which precedes dynamic rupture. This was uncovered in detailed seismological observations [3, 4] and identified in laboratory experiments [2, 12] . Another kind of plate movements, the so called 'silent' or 'slow' earthquakes have also been observed in nature. Accounts of silent earthquakes in subduction zones near Japan [14] , New Zealand, Alaska and Mexico [8, 9] were recently reported in the literature. These silent earthquakes can again be portrayed by quasi static evolution. The main practical issue that we address in this paper can be stated as a simple question: can one infer from surface displacement fields the position, depth, orientation, of a fault, and the seismic moment?
Let us now introduce a boundary value (jump) problem for a vector field modeling displacements during either a silent earthquake, or the nucleation phase of a classical earthquake. In this model the underground is assumed to be the lower half space where linear elasticity applies. Its boundary, that is the plane of equation x 3 = 0, will represent the Earth surface: a traction free condition will apply there. Let λ > 0 and µ > 0 be Lamé coefficients for linear elasticity. For a displacement field u, we will denote the stress and strain tensors as follows, σ ij (u) = λdiv uδ ij + µ(∂ i u j + ∂ j u i ), ij (u) = and the stress vector in the normal direction n, T n (u) = σ(u)n.
Let Ω be the lower half space x 3 < 0 minus a smooth, orientable, bounded surface Γ, with regular boundary ∂Γ. For simplicity, we will assume that Γ can be contained in a plane. Let a displacement u in the space H 1 (Ω) 3 satisfy the equations µ∆u + (λ + µ)∇div u = 0, in Ω, (1) σ(u)e 3 = 0, on the surface x 3 = 0,
[u · n] = 0, [σ(u)n] = 0, across Γ,
[u τ ] = g, the tangential slip on Γ is given inH 1/2 (Γ),
whereH 1/2 (Γ) is the space defined in [17] . In practice, more smoothness for g is often required: g(x) can be thought of decreasing such as ρ 1/2 (x) as x approaches ∂Γ, where ρ is defined on Γ as the distance to ∂Γ. This is explained in all rigor in [17] . Condition (2) signifies that no force is applied on the surface. Condition (3) expresses the continuity of normal displacements and of the stress vector across Γ. Condition (4) gives the slip on the fault Γ, which is our only forcing term. We will study in this paper the fault inverse problem derived from the forward problem (1) (2) (3) (4) . More precisely, given the surface displacement u(x 1 , x 2 , 0), can the fault Γ and the slip g be recovered? This first question is of course too ambitious. Instead, we will show that it is possible to recover from the surface displacement u(x 1 , x 2 , 0), the center of the fault Γ, a normal vector to the plane containing Γ, and the total slip Γ g. We also propose and demonstrate on examples a robust numerical solution to the inverse problem. Note that the two dimensional analog to our present problem models the anti shear slip case, and was entirely solved in [5, 6] .
2.
The adequate Green's tensor for the slip on a fault in half space problem
In this section we compute the relevant Green's tensor H for problem (1) (2) (3) (4) . This is the Green's tensor such that (1-4) may be solved by setting u = 1 2 Γ Hg, for any smooth slip g on Γ.
Past results
If Ω is the whole space R 3 it is known since Kelvin that the tensor
where r = (
In addition G decays at infinity and has finite energy away from the singularity at x = y,
Let Γ be a bounded fault or cut in the space R 3 . Mathematically, assume that Γ can be smoothly transformed into a disk or a polygon. The tensor G can be used to express displacement fields in R 3 that are continuous across Γ and whose stress vector has a given discontinuity (sometimes called jump) across Γ. We are interested in this paper in elastic displacement fields in the half space x 3 < 0, or R 3− , that are traction free on the surface x 3 = 0, satisfy some discontinuity condition across a bounded surface Γ in R 3− , and decay at infinity while having finite energy. In some cases, such displacement fields u can be expressed as integrals on Γ involving a Green's tensor M which satisfies
T e3 M = 0, on the surface x 3 = 0,
M decays at infinity and
M (x, y) − G(x, y) is smooth as x approaches y.
Such a Green's tensor was first computed by Mindlin, [11] . It was then re-formulated in a more compact way involving Galerkin vectors by Steketee, [16] . Sheu performed an analogous computation in the anisotropic case, see [15] . In that same paper he was able to reconstruct displacement fields produced by the 1999 Jiji, Taiwan earthquake using his new Green's tensor. If u is a finite energy elastic displacement field in the half space x 3 < 0, or R 3− , that has zero traction on the surface x 3 = 0 and satisfies a stress discontinuity condition across a bounded surface Γ in R 3− , then u can be expressed as the integral over Γ of M against some density that is the solution to an adequate boundary integral equation. These equations on Γ were studied by Martin et al. in [10] . It might be costly and non trivial to solve the boundary integral equations discussed in [10] . However this can be avoided all together in some cases. Assume that we want to solve for a (finite energy, decaying at infinity) displacement field u such that
T e3 u = 0, on the surface
[T n u] = f, is the given jump across Γ,
then u is given by the integral formula
Such a displacement field u does indeed satisfy the required conditions across Γ: this is known from potential theory and can be found in [13] , at least for the free space case, and is then easily conceived in half space substituting M for G. Let us now examine the adjoint problem to (12) (13) (14) (15) , namely, solve for a (finite energy, decaying at infinity) displacement field u such that
T n u, is continuous across Γ, (18) [u] = g, is the given jump across Γ.
We know that the analog problem in free space has the solution u = 1 2 Γ (T n(y) G) T g: this is known from potential theory and can again be found in [13] . One of our main results is the explicit computation of the Green's tensor H such that problem (16) (17) (18) (19) has the solution u = 1 2 Γ Hg, for any smooth tangential vector field on Γ, g. This highly non trivial work will appear in [18] . We merely outline in this present paper the main two steps involved in the computation. Note that some authors have incorrectly thought that H could be just given by (T n(y) M )
T : this is not true for the operators T e3(x) and (T n(y) ·) T do not commute when applied to Mindlin's Green's tensor M .
Assembling Green's tensor H
We start from Kelvin Green's tensor G given by (5) . We define a double layer potential by setting
The image method
The image method consists of combiningG(x, y, n) with terms from
where n = (n 1 , n 2 , −n 3 ) and y = (y 1 , y 2 , −y 3 ), in such a way to obtain vanishing traction on the plane x 3 = 0, along the e 1 and e 2 directions. More precisely, set
If g is a smooth vector field on Γ then u(x) = 1 2 ΓG (x, y)g(y) satisfies (16, 18, 19) has finite elastic energy and decays at infinity. However (17) is only partially satisfied: only the first two components of T e3 u are zero at x 3 = 0. Therefore, we need to solve three Boussinesq problems with data
to find the Green's function H.
The Boussinesq solution in our case
We were able to solve the three Boussinesq problems (20) in [18] . Our computational method involved working in Fourier space and switching to polar coordinates in the x 1 , x 2 variables. Of particular importance for polar angle integration was the use of the following integrals,
where p is an integer and J p is the Bessel function of the first kind of order p. This formula can be found in Abramowitz 9.1.21, in [1] . As to integration in radius, a formula for
was needed. For computation of inverse Fourier transforms the following was also needed
Closed forms for (21,22), albeit intricate, can be computed. The final expression for H is involved and comprises many terms. We provide it only for points on the surface x 3 = 0 in Appendix. 
Application: computations of displacement fields caused by a slip along a fault
Recall that the displacement field u due to a slip g on a fault Γ, in the half space x 3 < 0, with traction free conditions on the surface x 3 = 0, that is problem (16) (17) (18) (19) , can be solved by setting u = 1 2 Γ Hg. We compute in this section the displacement u on the surface x 3 = 0 using this integral formula in two examples. These two examples involve the same geometry: a fault Γ contained in the plane normal to the vector (1, 0, 1), in the shape of an ellipse centered at (0, 0, −2). In local coordinates the ellipse has the equationỹ 1 2 + (ỹ 2 /5) 2 = 1, where local coordinates are related to the original coordinates by
A sketch of the cross section of Γ through the plane x 2 = 0 appears in Figure 1 .
In the first example slip occurs only in the e 2 direction. In local coordinates the slip was picked to be
, where the constant C 1 was adjusted in such a way that the total slip Γ g be of norm 1. In the second example, the slip does not have constant direction and is picked to be, in local coordinates,
2 and the constant C 2 was adjusted in such a way that the total slip Γ g be of norm 1. 
where the constant C 1 was adjusted in such a way that the total slip Γ g be of norm 1. The e 1 and e 2 components of u(x 1 , x 2 ) are represented as a planar vector field using arrows, while the e 3 component is sketched on the same graph using a color contour map. 
and the constant C 2 was adjusted in such a way that the total slip Γ g be of norm 1.
Approximate surface displacements fields
Solving equations (16) (17) (18) (19) ) by integrating u = Hg might be expensive in number of operations, which is undesirable in applications where such a direct computation would have to be iterated a large number of times. We found a way to obtain a good approximate field u(x 1 , x 2 , 0) based on asymptotics that just assume that (x 1 , x 2 ) is some distance away from the fault Γ. Suppose that the fault Γ is centered at the point (a, b, c) where c < 0. To obtain a simpler formula for the surface displacement u(x 1 , x 2 , 0) we now assume that either the surface point (x 1 , x 2 ) is far enough from (a, b) or |c| is large enough. Thus we may write
as long as (y 1 , y 2 , y 3 ) remains on the fault Γ. ¿From there,
Setting (t 1 , t 2 , t 3 ) = 1 2 Γ g(y 1 , y 2 , y 3 )y, we obtain,
The vector t := (t 1 , t 2 , t 3 ) can be interpreted as half the average slip on Γ times the area of Γ. We will call 2t the total slip on Γ.
We now proceed to demonstrate numerically the accuracy of approximation (25). We plot the relative L 2 error incurred in making the approximation (25) against depth, for three different geometries in Figure 4 . The L 2 error was computed on the surface x 3 = 0 in a square [−10, 10] × [−10, 10]. In each case the fault was contained in the plane normal to the vector (1, 0, 1) and passing through the center (0, 0, c), where |c| is the depth, which we varied form 2 to 20 in these numerical runs. Slip was set to occur in the e 2 direction. Total slip was computed in order to apply formula (25). The plus markers correspond to a square geometry with edges of length 2. In local coordinates (ỹ 1 ,ỹ 2 ) centered on the fault, the slip was picked to be (1 − |ỹ 1 |)(1 − |ỹ 2 |). Local coordinates are now related to the original coordinates by
The star markers correspond to a circular geometry of radius 1. In local coordinates the slip was picked to be 1 −ỹ 1 2 −ỹ 2 2 . The circle markers correspond to an elliptic geometry. The equation of the ellipse was picked to be in local coordinates,ỹ 1 2 + (ỹ 2 /5) 2 = 1. In local coordinates the slip was picked to be 1
The largest error is found for the most shallow faults, that is for |c| = 2, and ranges from 12% to 19%, depending on geometry. We sketched the exact and approximated fields in the elliptic geometry case in Figures 2 and 5. It appears that the exact and approximated profiles exhibit very similar profiles. In the remainder of the paper we will only consider surface data in the form given by the right hand side of (25). This is chiefly because this closed form formula is the basis for recovery formulas for parameters involved in the inverse problem. We will assume that fault depths will be larger than 5: note that for the fault geometries considered in this section this depth is large enough for the error in approximation (25) to be less than 4%. It would be interesting to generate data for the exact field u on the surface and apply our solution to the inverse problem from there. This will be done in a later paper. In each case the fault was contained in the plane normal to the vector (1, 0, 1) and passing through the center (0, 0, c), where |c| is the depth. Slip was set to occur in the e 2 direction. The plus markers correspond to a square geometry with edges of length 2. In local coordinates the slip was picked to be (1 − |ỹ 1 |)(1 − |ỹ 2 |). The star markers correspond to a circular geometry with of radius 1. In local coordinates the slip was picked to be 1 −ỹ 1 2 −ỹ 2 2 . The circle markers correspond to an elliptic geometry. The equation of the ellipse is in local coordinates,ỹ 1 2 + (ỹ 2 /5) 2 = 1 In local coordinates the slip was picked to be 1 −ỹ 1 2 − (ỹ 2 /5) 2 . Figure 2 4. The fault inverse problem 4.1. Statement of the inverse problem and parameters to be recovered ¿From the data u(x 1 , x 2 ) = H(x 1 − a, x 2 − b, 0, 0, 0, c)(t 1 , t 2 , t 3 ) introduced in (25) our goal is to find (in a numerically robust fashion):
-the center of the fault Γ, (a, b, c) -a normal vector to the plane containing Γ, n = (n 1 , n 2 , n 3 ) -a tangent vector to Γ, t = (t 1 , t 2 , t 3 ) giving the total slip on Γ as defined in the previous section
Limitations
Proposition 4.1. Assume that n = (n 1 , n 2 , n 3 ) and t = (t 1 , t 2 , t 3 ) are two orthogonal vectors in space such that |n| = 1 and |t| = 0. Given s 0 , s 1 , s 2 , s 3 , s 4 defined in (26-30) exactly four different pairs (n, t) can be reconstructed. If (ñ,t) is one reconstructed pair, the other three are (−ñ, −t), (t |t| ,ñ|t|), and (−t |t| , −ñ|t|).
proof:
The proof is given in [18] .
Proposed solution
Denote the coordinates of the surface displacement u 1 (x 1 , x 2 ), u 2 (x 1 , x 2 ),and u 3 (x 1 , x 2 ). A calculation shows that
Note that the above integrals are not in L 1 (meaning that they are not absolutely integrable). The integrand can be expanded as
, and it turns out that 2π 0 A(θ)dθ = 0. The following six integrals will be needed
Note that the I pq are independent of a and b. The I pq are linear combinations of si c 2 , 0 ≤ i ≤ 4 whose coefficients depend only on the Lamé constants λ and µ. We introduce six integrals that depend linearly on a, and six integrals that depend linearly on b.
note that J pq − aI pq and K pq − bI pq do not depend on a and b and are linear combinations of si c 2 , 0 ≤ i ≤ 4 whose coefficients depend only on the Lamé constants λ and µ.
Equations (31-32) provide s 0 , s 1 , s 2 . There remains to solve for s 3 , s 4 , a, b, c, which we proceed to do next. In some cases we will find expressions for s The solution will have to be picked, depending on the case, within a set of 1,2, or 4 candidates. In practice making such a final pick is not costly, as we will retain the solution that leads to a reconstructed surface displacement field closest to the surface data. Remark The integrals I p , I p,q , J p,q , K p,q , can be computed in a closed form. Due to the complexity of the expression for u(x 1 , x 2 ) this can only be done using a symbolic calculation software. For brevity, we do not provide here the resulting expressions. Instead we indicate how those can be used to solve the fault inverse problem.
The case s 0 = 0
As n and t are perpendicular this is equivalent to the condition n 3 t 3 = 0. Physically, this means that the fault is not vertical and that the average slip is not horizontal.
Solving for the depth |c|
If
the depth c satisfies the equation
where we set
where C 2 , C 2 , C 4 , C 6 depend only on λ and µ. It can be shown that due to (36)
It can also be shown that I 1,1 + I 2,2 > 0, therefore we can not have A 1 = A 2 = 0: equation (37) is well posed.
Assume now that
or equivalently 2 C 1 − C 2 = C 1 − C 6 = 0. We find the following relations The following formulas hold
Our calculations show that (C 1 − C 10 + C 11 ) = 3 32π , for all values of λ and µ. We can now apply section 4.2 to solve for the vectors n and t. We can still use formula (43), and we use the following in place of (44) In that case, c, s 3 , s 4 can be solved for by using the following, assuming on the one hand (36),
Assuming on the other hand that (40) holds we solve the equations There remains one task: solving for the horizontal position (a, b). This is now straightforward by application of (34) and (35) for (p, q) equal to (1, 1), or (2, 2), or (3, 3) . This can be done because I 1,1 , I 2,2 , I 3,3 to be simultaneously zero.
Case s 0 = 0
This case is very different. Note that as n and t are orthogonal s 0 = −n 3 t 3 . Physically, this case corresponds to either vertical faults or horizontal total slips (or both). Note that s 0 = s 1 = s 2 = 0 if and only if n 3 = t 3 = 0. 
where we recall that (C 1 − C 10 + C 11 ) = 
There remains one task: solving for the horizontal position (a, b). This is done by application of (34) and (35) for (p, q) equal to (1, 1), or (2, 2), or (3, 3).
5.2.2.
Case s 0 = 0 and s 1 = s 2 = 0
We have in this case n 3 = t 3 = 0. Physically, the fault is vertical and the total slip is occurring in a horizontal direction. In this case, we begin by solving for a and b as we can show that
for p being either 1, 2, or 3. If
c is easily solved for too as
where C 13 = 0 due to (58). To solve for s 3 and s 4 , we set
It follows that
where A = 
the above solution is not valid as C 13 = 0. We then introduce
which are involved in the following equations
(62)
where the constants C 20 , C 21 , C 22 are all non zero. Assume, that s 3 s 4 = 0. Then c is obtained by dividing (63) by (64), from where we can solve for s , and s 4 = 0 if and only if n 1 n 2 = 0. In either case we rotate the surface coordinate unit vectors e 1 , e 2 by the angle π 8 . In the new coordinates system, we still have n 3 = t 3 = 0, but this time s 3 s 4 = 0.
Numerical reconstruction

Using formulas derived in the previous section
We now apply the reconstruction formulas derived in the previous section. To limit the number of runs presented in this paper and to facilitate comparison between these runs, we fix λ = µ = 1, a = −10, b = 10. We then consider different depths c, different geometries (or rather fault orientation characterized by n) and total slips given by t. All considered cases are indicated in the first column of table 1. In each case we compute values for u(x 1 , x 2 ), as defined in the previous section, where (x 1 , x 2 ) is on a discrete grid of points defined by the
, and the spacing h = 2. The integrals I p , I p,q , J p,q , K p,q were evaluated numerically from the discrete set of values for (x 1 , x 2 ) by application of a simple order two quadrature rule combined with estimates of tails. We then applied formulas from section 5 to reconstruct (a, b, c) , n, t. Solutions are reported in the second column of table 1. Note that in each case there are truly four equivalent solutions for n, t. We retained the one that makes for the easiest comparison to the data, for convenience. We then found out that it is possible to sharpen our numerical solutions by applying a least square minimization technique. The minimization uses the discrete data u(x 1 , x 2 ). The approximate solution provided in the second column of table 1 serves as a starting point for the minimization. The improved solution after minimization is borne out in the third column of table 1. Note that if minimization is started from a point too far away from the true values for(a, b, c), n, t, it is, in most cases, unsuccessful: this underscores the importance of inversion techniques developed in section 5. The results obtained in the first case considered in table 1 may seem not as accurate when compared to results from other cases. In fact accuracy can be greatly improved in the first case for a smaller spacing h.
Requirements on grids of data points
We inspected which are the smallest value for M and the largest value for h that will guarantee success of our numerical inversion for a given center (a, b, c) and any n, t where the discrete data u(x 1 , x 2 ) is on the grid defined by the square [−M, M ] × [−M, M ], and the spacing h. It is in fact sufficient to carry out the inspection for a = 0, b = 0, c = −1 and to then infer all other cases by rescaling and horizontal translation. It was found that those smallest value for M and the largest value for h are (approximately)
where
For example if a = b = 0 we obtain a grid of 11 by 11 points. Smaller values for α make for a grid that is too concentrated near the fault (M is too small). Larger values for α do not give fine enough details near the fault (h is too large). 
Detecting active faults from GPS observations
The aim of this section is to account for the sensitivity of measuring apparatus and for the observation grid stepsize, and to understand how those may affect detection of active faults. In an attempt to model real life situations we choose a threshold under which surface displacements cannot be measured. Moreover, we allow ourselves to use only a limited number of measurement points, on a fixed grid, independently of the geometry and the size of the fault, and location of the center of the fault.
Sensitivity and indicative points
By definition, at fixed sensitivity S, a point (x 1 , x 2 ) on the grid of measurement points is said to be indicative if |u(x 1 , x 2 )| ≥ S, where u(x 1 , x 2 ) is the surface displacement generated by a given slip on the fault Γ. Next, at fixed sensitivity S, we define the indicative set I to be
Fault recovery at fixed observation sensitivity
We now seek to evaluate how the sensitivity of observations affect our inversion techniques. We know from the previous subsection that sensitivity is related to the stepsize of the grid. We apply the reconstruction formulas derived in section 5, while taking into account a sensitivity threshold S. We repeat some of the runs from table 1 at sensitivity level S = 2 · 10 −5 for all cases with one exception: this high sensitivity level led to failure of the recovery method for the case c = −40 n = (0.8660, 0, 0.5000), t = (−1.0000, 2.0000, 1.7321). We made a second run in that case with the sensitivity S = 10 −5 which led to a successful recovery. All outputs of successful runs appear in table 2. In each case we plotted the region of
comprised of indicative points (points where |u| ≥ S). These plots appear in Figure 6 . Finally we present a reconstruction calculation in case of scarce data, M = M min , h = h max , (see formula (65)), at sensitivity S = 4 · 10 −5 . The values for n and t for this run are indicated in Table 3 . With those values for M, h, S, the number of indicative points is small. The grid of indicative points is sketched in Figure 7 . We also plotted the planar vector field (u 1 , u 2 ) at the indicative points in Figure 7 , the third component u 3 appears as a contour colored map on the same graph. Figure 7 -Above: the set of data points used for the inversion procedure whose output is provided in table 3.
Below: the corresponding surface field u(x 1 , x 2 ).
